THE GENERAL FORM OF THE SO-CALLED
LAW OF THE ITERATED LOGARITHM

BY
W. FELLER

1. Introduction. The purpose of this paper is to sharpen Kolmogoroft’s
celebrated law of the iterated logarithm in various directions and to give
best results. For the convenience of the reader, we shall link the statement of
our problems with an account of the known results.

1.1. It seems that the law of the iterated logarithm traces its origin to a
special problem in number theory. From the viewpoint of the theory of proba-
bility, as we shall see, this problem concerns only a very special case in which
the general features are hardly visible. Nevertheless, this is the only case in
which so far a final result has been achieved.

Let p be a point of the interval (0, 1) and let p=p1paps - - -+ be its binary
expansion. (We shall be concerned with statements of the “almost every-
where” type, so ambiguity will do no harm.) Let

+1 if pr = 1,
X =
) {— 1 if pp=0.
Then S,=X;+ - - -+ +X.is the excess frequency of occurrence of the digit 1

among the first # places in the expansion of p. The strong law of large num-
bers (Borel, Cantelli) asserts that almost everywhere S,=o0(%). The follow-
ing enumeration of sharper results indicates the historic development of the
problem. It is, of course, understood that all assertions hold true only for
almost all points p.

(i) Hausdorff, [6], 1913:

Sa = o(nl/2te), e> 0.
(i) Hardy-Littlewood, [4], 1914:
» = O((n log n)1/?).
(iii) Steinhaus, [16], 1922:
lim sup S./ (2% log #)1/2 < 1.

(iv) Khintchine, [7], 1923:
S» = O((n log log n)/?).

Presented to the Society, February 27, 1943; received by the editors March 15, 1943.
373




374 W. FELLER [November

(v) Khintchine, [8], 1924:
lim sup S./(2n log log )12 = 1,

- fn—ro

In formulating newer results we shall, following P. Lévy, say that a function
¢(#) belongs to the upper class (€U) if, for almost all p, there exist only
finitely many # such that S, >nY2¢(n); and we shall say that ¢(f) belongs to
the lower class(*) (€.L) if, for almost all p, the inequality S,>nY2¢(n) is
satisfied for infinitely many #. Khintchine's result (v) then reads:

EV if a>1,
2 log log #)1/2
o@loglog % _ oy 1.
(vi) P.Lévy, [11], 1933:
EV if a>3,

2 log log ¢ 4+ a log log log #)1/2
(2 log log ggg)e(ifa§1

(with a gap for 1<a =3).
(vii) Kolmogoroff-Erdss(?), (1937-1942): If ¢(¢) is non-decreasing, then (?)
o0 S 7 it [ —swrameoa ¢
el ¢ €D.

The last result contains, of course, the preceding ones. It gives, in a most
elegant way, a complete solution for the binomial case with probabilities 1/2.
It is our purpose to find a similar solution for arbitrary independent random
variables, that is to say, for arbitrary bounded real functions X; in arbitrary
spaces. As a matter of fact, the above solution is so specialized that it fails
already in the next simplest problem concerning the frequency of occurrence
of digits in the ordinary decimal expansion.

1.2. For a general formulation of the problem consider an infinite sequence
of spaces {Ek}, k=1, 2, - - -, in which probability-measures are defined(%).
Let E=E1XE;X - -+ XEX - -+ be their infinite combinatorial product

(1) According to the law of 0 or 1 each ¢(¢) belongs to one of these classes. We shall not use
this result in the sequel.

(%) Kolmogoroff's result has been stated, without proof, in P. Lévy’s book [12]. Erdés [2]
proved the result completely. Before, J. Ville [17] had proved that convergence of the integral
is a sufficient condition for the upper class. It is the necessity of this condition which presents
the real difficulties. Most of the results of the present paper have been obtained before publica-
tion of Erdés’ paper.

(®) Here and in the following (°and D stand for “converges” and “diverges,” respectively.

(*) In each Ej there is a Borel family of sets § such that ExE §i; on Fi we have a com-
pletely additive set-function Pr(T) with 0SPr(I)<1 and Pr(Ey)=1.




1943] LAW OF THE ITERATED LOGARITHM 375

and let a probability-measure in E be defined in the customary manner(?).
Let X=Xi(px) be a real-valued function of a point p; varying in Ej; then(?)

(1.1) S“=X1+...+X”
is a function of the point p=p1Xp2X - - - €E. Let
1.2) Vi(x) = Pr {X; < =}, — o <x< ™,

be the distribution function of X;. Then the distribution function F,(x) of S,
is found from

+o0
Fan@ = [ Fula = 9Van(3).
We shall suppose that
2 e
(1.3) ox = f 224V (%)

exists; replacing, if necessary, Xi by X;+c: we can without loss of generality
assume that

+o0
(1.4) f xdVi(x) = 0, k=1,2,---.

The second moment of F,(x) is

() We shall actually consider only sets of the type I'= -+« XT¢X - -« XTi,X « - -
XTi,X + - -, where ;€ %.'k and the dots stand for E,. Of course, Pr(T')=Pr(Ty,) - - - Pr(Ty,).
If r=(Ty, -+ -, Ty,)and A=(4;, - - -, A;,) are two such sets, they will be called tndependent,
if 4,54 j,; then Pr(I'A)=Pr(I)Pr(A). For our purposes it is sufficient to have a measure-theory
for finite combinatorial products and the corresponding notion of sets of measure zero in the
infinite product space.

(®) In this formulation it becomes clear that, as far as mathematics is concerned, we are
dealing with a problem in real function theory in product spaces. The sense, and importance,
of our investigation for probability and statistics is, it is hoped, obvious. The subscript k stands,
of course, for the order number of the experiment or observation. E, the kth label space, is the
abstract expression for the set of all thinkable results of the kth experiment, each result being
represented by a point pxE Ex. (In practice these results will be: head-or-tail; the position of the
roulette; the position of a particle subjected to diffusion or, more generally, the phase-space in
physics; or the complex composition with respect to age, claims, risk, and so on, of the stock of
policies of an insurance company.) X will be the gain or any other characteristic in the kth
experiment and we are interested in the fluctuations of the accumulated value of that charac-
teristic after # experiments. The epistemological problem of what “probability” means has no
more to do with theory or practice than the corresponding problem of space conception in
geometry.

It may be remarked that we do not attach any importance to the possibility that the E; -
are not similar to each other. The fact of the situation is that the structure of E; simply nowhere

appears.
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(1.5) ss=a1+ -+ on
For obvious reasons only the case where

(1.6) Sa—>

presents a problem.

We shall, following P. Lévy, say that a sequence { &n} belongs to the lower
cass (€L) (with respect to {X %}), if, for almost all p EE, there exist infinitely
many n such that

1.7 Sn > Suba;

and to the upper class (EUV) if, for almost all pEE, there exist only finitely
many n such that (1.7) holds. (It will be noticed that Theorem 8 actually con-
tains a sharpening of the notion of upper class: in defining the upper class
we could as well replace (1.7) by (2.19).)

1.3. The law of the iterated logarithm states: if each X is bounded and

(1'8) .\ l.u.b. | Xkl = o(‘gn/log;/2 sn)
uniformly in k=1, 2, - - -, n, then
U > 2,
(1.9 (a logs sa)/2 € ’.f a
el if a<2

This is the most general result known; it was proved by A. Kolmogoroff
[10], after important special cases had been solved by A. Khintchine [9].
A new proof of (1.9) under more restrictive conditions than (1.8) has been
given by P. Lévy [12]. Under much stronger conditions Cantelli [1] has
proved a result which is sharper than (1.9): suppose that for some ¢>2

o0
f | x|edVi(2), E=1,2,---,

-0

exists, and that uniformly in %

+o +eo .
f 224V i(x) = ao, f | x|°dV,,(x) < a5;

-0

then (even not assuming (1.8))

eV if ¢> 3,
eL if ps1;

the gap between 1 and 3 is left open. (Cf. above P. Lévy’s result vi.)
There is a most surprising result due to Marcinkiewicz and Zygmund [15]
which is important for the proper understanding of our problem. They showed

(2 logs s + a logs s.)1/2
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that if (1.8) be replaced by the only slightly less restrictive condition:

(1.10) Lub. | Xi| < e(sa/logs " )

(e arbitrary but fixed), then (1.9) becomes false. In fact, they constructed a
sequence { X} satisfying (1.10) but for which

(1.11) lim sup (Sn/s4(2 logs 5.)1/2) < 1.

n—

1.4. In the present paper we shall give necessary and sufficient conditions
for a sequence {¢,} to belong to the upper or lower class. It will be seen that
" our criterion assumes the simple form of Kolmogoroff's criterion (vii) if the
{Xk} are subject to the condition(”) IX;,I =0(s./¢3) (Theorems 2 and 6).
As this condition is gradually relaxed the criterion assumes an increasingly
complicated form. Thus, if ]Xkl =0(s./¢2) the criterion will involve third
moments of the distribution functions Vj(x); this implies a remarkable lack
of symmetry, since now {¢,} may belong to the upper class for the sequence
{X:} and to the lower class for { —X.} (Theorem 3). If it is assumed only
that | X kl =0(s./¢5%) the fourth moments of { Vi(x)} will be of influence also,
and so on (Theorem 5). Finally, when the upper bounds of lel are of the
order C(s./¢.) all moments of {Vi(x)} enter into consideration; when C is
very small, the dominant influence will still be exercised by the second mo-
ments; however, as Cincreases, the dominant role gradually shifts to moments
of an increasingly higher order. It is thus seen that if the upper bounds of
| Xi| increase faster than s./¢., we shall be confronted with an altogether
new situation and any criterion would necessarily be of a quite different
form(8). This domain is not investigated in the present paper. The criterion
given in Theorem 1 still covers the case (1.10) (with e=1/200) and thus ex-
plains the phenomenon detected by Marcinkiewicz and Zygmund by giving
the precise limit between the upper and the lower class.

It will be seen that the present paper considers only individually
bounded variables X;. It is hardly necessary to point out that most sequences
which occur in standard applications can be reduced to this case by the cus-
tomary method of equivalent sequences (truncating the X; at values M} such
that > Pr{|X:| > M} converges). This method makes it evident, for ex-
ample, that Kolmogoroff's law of the iterated logarithm is applicable if

(") For a proper understanding of the theorems (as well as for a comparison with Kol-
mogoroff’s condition (1.8)) it should be noticed that we shall be interested usually in sequences
{#n} near the borderline between the upper and the lower class. That is to say, roughly speak-
ing ¢, will increase like (2 log log s.)'/2.

(%), This observation is also borne out by results of P.Lévy [13] and Marcinkiewicz [15],
who investigated the analogue to the law of the iterated logarithm in the special case where
cx~¢ <1 —Vi(x) < Cx~¢, with 0<a <1 and two constants C>¢>0.
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Vi(x)=V(x) where V(x) has a finite moment of order 2+4¢>2(®). Actually
it is possible to extend also the exact criteria of the present paper to very large
classes of sequences {Xk} of unbounded variables. An example of such a
class (containing most usual sequences) is given in the appendix. In the
construction it seemed desirable to aim at greater simplicity rather than at
greatest possible generality.

Our proofs are direct and do not presuppose previous work on the subject.
Beyond standard tools of measure theory we shall use only a theorem de-
scribing the behavior of F,(x) for large x; this theorem is a sharpening of the
classical central limit theorem of probability and has been proved in a previ-
ous paper(19).

2. Theorems. Throughout the sequel X will stand for a real function in E,
(see §1.2); S, is defined by (1.1) and Vi(x) by (1.2); it shall be assumed that
(1.3), (1.4), and (1.6) hold. Moreover we shall suppose that there exists a se-
quence N\, | 0 such that(!)

2.1) Lub. | Xa| < Aasay
where s, is defined by (1.5). Of the sequence {¢.} we shall assume that(1?)
(2.2) 2< 1 =p2Sps S0

2.1. For the most general case of our criterion we shall require a function
Q.(x) which regulates the behavior of F,(xs,) for large x. Define, in a formal
way, quantities v,, and I',,, by

+o0 0 hv
g [ emavi(s) = T va
— (] v!
and

(%) This seems to have escaped the attention of Hartman and Wintner [5], in their strong
remarks about the inapplicability of Kolmogoroff's law to sequences occurring in standard
applications. Actually it suffices to suppose that f+,:x’| log| x| |*d V(x)= 4 is finite for some
e>0. ThenZ:_wo S 121>872/ 10g 105 ¥8 V() <A Zl,oo(log log sk)*/k logl*¢kconverges; the truncated
variables obey the law of the iterated logarithm and the variances of their sums are asymptoti-
cally equivalent to s* . Hartman and Wintner [5] have devised a slightly more efficient method
of truncation which shows that it is sufficient to suppose that f:xzd V(x) exists. It does not fol-
low that in this case also our criteria hold.

(10) Feller [3], in the sequel referred to as L.T. The present paper should be readable with-
out knowledge of L.T.

(1) The monotony of {A.} is used exclusively to assure that Lub. |Xi| <Ans, for
k=1,2,:--,n.

(1?) It seems only natural to assume monotony of {¢.}. The restriction is unessential and
the proofs become even slightly simpler if, instead, it is assumed that the variation of {¢.}
in any interval is small as compared with 1/¢,. However, abrupt changes of ¢.are interesting
and considered in the sequel. If {¢,} remains bounded, the theorems become trivial. The as-
sumption ¢, >2 is convenient and presents no loss of generality.
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n
Ty = Z Yk
k=1

(vx,1=0 by (1.4); only small values of % will be considered and it is under-
stood that the 7,, are real). Then

2

Z{1+0@) =21,

=2 v!

v—1

hv

where k& =h(x) is the inverse function of

1 = hv—l
xr=— Tyy——m—m-
Sa Z; -1

It has been shown in L.T. that, if £\, <1/12, Q.(x) is an analytic function

(2.3) Qn(x) = iIQn,vx,
and
(2.4) | gnw] < (1/T)(12)\,)".

In general, ga,, depends on the first -2 moments of Vi(x), - - -, V,(x),
. +®
2.5) s = [ wavica) p=1, v+

It follows from the main theorem of L.T. that, under the conditions of the
present paper, the ratio of F(s..) to ¢, {exp —(1/2)¢2[1+Qn(¢)]} remains
between two positive constants. This explains the importance of the function
Q(x) for the present investigation.

2.2. In the following theorems the main conditions ((2.6), (2.8), (2.12),
and so on) depend on the sequence {¢,} which is to be tested. Although these
conditions seem most natural, it is sometimes more advantageous to replace
them by conditions which do not explicitly depend on {q&,.}. Such alterna-
tive conditions will be formulated in Theorem 11.

THEOREM 1. If
(2.6) An = 1/200¢,
then {$.} EV(L) if, and only if(3),

2

@.7) > :—¢ exp {— (1/2)¢x[1 + Qu(6)]} € COD).

n

() Cf. footnote 3.
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Postponing the proof of the theorem we mention a few corollaries.
THEOREM 2. If
(2.8) e = O(1/¢0)
then {$.} EV(L) if, and only if,
2

2.9 Y 2 g amdt € CO).
n S,

In fact, using (2.4) it is seen that (2.8) implies $7Q.(¢p,) =0(1) and Theo-
rem 2 follows from Theorem 1. Similarly one proves another corollary:

THEOREM 3. If
(2.10) e = O(1/¢m)
then {¢.} EV(L) if, and only if,

2

@10 T Zooem {— (1/2)6 — (6/651) E”} € )

where b3 s defined by (2.5).
In the case of symmetric variables X the moments b5 vanish. Therefore:

THEOREM 4. If 1— Vi(x) = Vi(—x) and (2.10) holds, then {¢.} EV(L) f,
and only if, the series (2.9) converges (diverges).

In general we have in the same way the following theorem.

THEOREM 5. If, for some integer p>1,
(r+2)/p

(2.12) A =0(1/¢. )
then {¢.} EUVL) if, and only if,

2

2.13) 3 %4». exp {— (1/2)[6n + guidn + - - - + gupsd 1} € CD);

thus the behavior depends only on the first p+1 moments of { Vi(x) }. We have in
particular

1 n
n,1 = b,r
qn,1 35?,12108

1 n 1 n 2 1(1. )2
nr = —— D big — — O bpe — — br.s ).
qn,2 IZS:E k,4 45:,,,2.::1"‘2 483 E k,8

In §7 it will be proved that the criterion of Theorem 2 can be reformulated
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in a way analogous to Kolmogoroff’s criterion in the binomial case as follows.
THEOREM 6. If ¢(t) T and

(2.14) Ao = 0(1/4%(:)

then {$(s2) } EV(L) if, and only if,

© 1
(2.15) f —t—¢(t)e“””¢2“)dt€ CD).

The connection between our theorems and the law of the iterated log-
arithm becomes more apparent in the following theorem.

THEOREM 7. If either

(2.16) A = 0(1/logs " s.),
or Vi(—x)=1—Vi(x) and
(2.17) An = O(1/logs sa),
then
n = {Zloggs:-l-Slogss:-i-21084&2.+ cee
(2.18) + 2 log, 1 ot (2 + 8) log, S:} e VL
if, and only if,

6 > 0(< 0).

This theorem is actually a simple corollary to Theorems 2 and 4. For the
proof it suffices to note that, with the definition (2.18), ¢, = (2 loge s,)¥/2+0(1),
so that (2.16) and (2.17) are equivalent to (2.8) and (2.10), respectively.
Thus the criterion (2.9) is applicable. However,

> % bne— (1D = (2)1/2

n

on(1 + o(1))

2 2 2. .. 1+5/2 ¢2
s log s2 logs s? log*/2 s7

now _o? diverges, and therefore(!) the above series converges if, and only
if, 6>0.

We shall prove the following sharpening of the notion of lower class, which
holds true in all cases considered in this paper.

(1) This follows easily from theorems of Abel-Dini and of Cesiro. See, for example,
K. Knopp, Theory and applications of infinite serses, London-Glasgow, Blackie and Son,
1928, pp. 292 ff. Theorem 7 is, of course, an immediate consequence also of Theorem 6. Special-
ized to.the symmetric binomial case it becomes a consequence of the theorem of Kolmogoroff-
Erdés. It should be noted that the terms sa in (2.18) can be replaced by sn.
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THEOREM 8. Under the condition (2.6) of Theorem 1, if {¢.} E.C then for
any couple of constants a<fB and at almost all points, the inequality

(2.19) Sa(®n + a/dn) < Sa < Sa(dn + B/¢4)
will be satisfied for infinitely many n.
Hence: If {¢.} €L also {$ata/da} el

Besides the criterion of Theorem 1 we shall prove the following (less
handy) criterion:

THEOREM 9. Under the condition (2.6) of Theorem 1, the sequence
{¢a} €U if, and only if, for any sequence of integers {nk} for which

(2.20) sml+ 6/dn) < Sapn < 5ua(1 + B/bms),
where a and b are constants, the series
(2.21) > Pr {Ss, > sudn € CD).

We mention also the following corollary to Theorem 1, which follows easily
by means of (2.4).

THEOREM 10. Under the condition (2.6) of Theorem 1 if

2

(2.22) > 6—;'¢,.e-<”m‘ e G
the sequence

2.23) {6 + Mthn} € Vs
if (2.22) diverges,

(2.24) {dn — Mtn} € L.

Finally, we give an alternative form for the conditions of the preceding
theorems. Its usefulness will be exemplified by the results of the appendix.

THEOREM 11. The criterion of Theorem 1 remains valid if the condition (2.6)
ts replaced by

(2.25) A = 1/200(log log s.)1/2.

A similar remark applies to Theorems 2—6. If (2.25) is satisfied, the sequence
{®n} belongs to the same class as the sequence {Y,} defined by

(2.26) ¥a = min {¢,, 2(log log s.)!/?}.

For a generalization of the preceding results to the case of unbounded
variables {X.} the reader is referred to the appendix.
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. 2.3. Remarks. The following remarks are either obvious or easily verified.
They will not be used in the sequel, and their detailed proof can therefore be
left to the reader.

1. Theorem 8 contains a best result in two directions. The assertion that
{¢.} and {¢.+const/¢,} belong to the same class cannot be improved. First,
if {X ,.} is a given sequence and a,— =, it is possible to find a sequence such
that {¢.} €L but {¢a+a./¢.} EU (cf. Erdss [2] in the case of the binomial
distribution with equal probabilities). More interesting is that to any given
{¢x} and @,— o it is possible to find a sequence {X.} such that {¢.}EL
but {¢>,.+a,./¢,.} & U. The fact that {qS,,} and {¢,.+a/¢,.} belong to the same
class is easily established independently of the previous results. In fact, it
is sufficient to notice that | (¢n+a/$»)2Qn(dn+a/Ps) —$2Qa(¢a)| =0(1), and
this is readily proved using (2.4).

2. If \,=0(1/¢3) then {qs,,} is of the same class with respect to the se-
quence {X,} and {—X,}. This is a best result. If a,— o is an arbitrary se-
quence it is possible to find a sequence {X,.} with X\, =0(a./$3) such that
{¢.} EV for {X.} but {¢.} EL for {—X.}.

3. It has been conjectured by P. Lévy [12, p. 266] that Kolmogoroff’s
criterion (Theorem 6) is applicable for any uniformly bounded sequence
{X:}. He put the problem of finding the weakest conditions on {\,} under
which the theorem would hold. Theorem 6 gives the best result. If N,¢p3— o,
it is possible to find a sequence {X,} such that the criterion of Theorems 2
and 6 becomes false.

4. It will be noticed that the condition (2.16) is sharper than Kolmo-
goroff’s condition (1.8). However, (2.16) is the best condition. If X, log3/? s,— o
it is possible to construct a sequence {X u} such that (2.18) does not hold.

5. It is interesting to compare Theorem 10 with the classical law of the
iterated logarithm, and with our theorems. If X\, =0(1/¢3) then the sequences
{¢ntX03} obviously belong to the same class, and Theorem 10 reduces to
Theorem 1. However, as the order of magnitude of {\.} increases, Theo-
rem 10 becomes less and less sharp. With the law of the iterated logarithm
one knows only that A\, =0(1/¢,); hence the assertion relates only to sequences
of the form {¢,.ie¢,,}. When N\,=0(1/¢,) even this breaks down, which
explains the behavior of the counter-example constructed by Marcinkiewicz
and Zygmund.

6. It is hardly necessary to point out that the constant 1/200 in Theo-
rem 1 (2.6) is convenient but purely arbitrary. Actually 1/12 would have
been sufficient (except for minor complications). There is no best constant,
as the radius of convergence of Q.(x) depends on the sequence {X.,}.

3. The sequence {n:}. We proceed first to establish the existence of se-
quences of the kind occurring in Theorem 9: If condition (2.6) is satisfied then
to any constants a, b with
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(3.1) 0 < a < (99/10005, &> 1/100,
there exists a sequence {n.} such that (2.20) holds. Obviously ny— .
The proof is very simple. Since, by assumption, s,— % we can choose 7,
arbitrarily and define a sequence {nk} by the recurrence relations
2 2 2

(3.2) Snr+1 = snk(l + b/d’nk)v

2 2 2
3.3) Snpqr+l > Snk(l + b/d’nk)-
Then by (1.5), (2.1), (2.6), and (2.2)

2 2 2 2 4 —2 2
Sl = Smpay F Ol S Sy 100 Gnpia1Snpian1
2 —4 —2 2
S Snpp T 10 GnySnppatry

or, using (3.3) and (3.1),

S:k-u g s:k+l+1(l - 10—4¢:i) > S:k(l + b/¢”2k)(1 - 10_44’::)
2 sn(1+ 0/¢n,).

In the following {nk} shall stand for an arbitrary, but fixed, sequence satisfy-
ing (2.20). We shall write

(3'4) Sﬂk = Sk’y Snp = sk’, Pnp = ¢k’, an(x) = Qk' (x)y )\nk = Xk'.

This will greatly simplify the notation, as we shall require a subsequence
of {n} and, in turn, a subsequence of it.

4. Lemma 1. Suppose that condition (2.6) is satisfied and that

(4.1) S Pri{S¢ >siel} €D
Let ¢>0 be fixed. Then at almost all points the inequality
(4.2) Sn®n < Sn < Su(@n + 3¢/n)

will be satisfied for infinitely many n.
Before proceeding with the proof let us remark that, putting

(4.3) b= (1/8!) exp {— (1/2)¢/2[1 + Q4 (6/)]},
condition (4.1) is equivalent to
(4.4) 2 ED.

Indeed, by Theorem 1 of L.T.
Pr {S{ > siéd} < const. ps.

Moreover, by Theorem 2 of that paper, to any e¢>0 there correspond two con-
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stants 0 <a; <as, depending only on ¢, such that

(4.5) a1pr < Pr {siod <S¢ <si(df + ¢/od)} < aspr.
Accordingly, (4.1) is equivalent to the statement that
(4.6) 2 Pr{sied <S¢ <si(ef +¢/¢d)} €ED.

4.1. For the proof of Lemma 1 we require a sequence {k,} defined by
the recurrence relations
4.7) Stonn S Mshbhy  Skyrst > M5k,

where M >1is a constant to be determined later; 2; can be chosen arbitrarily.
It is readily seen that

(4.8) (2/(2 + ) Msidhy < Sips1 S Msi,¢h,
and )
(4.9) 0< ks — b S (M /0)dp e

In fact, uéing (4.7), (2.20), (3.4), and (2.2) it follows that

2 2 ,2

M si,br, < Sk.+1+1 = Sk..,.l(l + b/¢k,+|) a1+ 5/4)3123-;1’

which obviously implies (4.8). In the same way

,2

1 Skyt1 1 Fpu—t 1 a Cky+1—ky)
i = — — 2o II (1+ ) M2<1+ )

A[2 sk ne=ky ¢k T
1
= "ﬁ,‘; ¢,2 (k'+1 - k’)v

kv 41

which proves (4.9).
4.2. For any ¢ <j let us define

o

(4.10) Sli=Si—sl=3 X.
n=ni+l

Then

(4.11) Fi (%) = Pr {Si; < «}

is the distribution function of S%,j; and obviously

(4.12) f e xdF; (x) = 0

and
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'2

+oo

(4.13) s. i = f xdF. i(x) = s, — s
Now denote by 4,,, (m=k,) the set

4.19)  A,n = Efsn(ém + ¢/6m) < Si,_im < sn(ém + 2¢/$m)},

where € is an arbitrary, but fixed, number with

(4.15) 0<e<1.

We propose now to show: if

(4.16) kB Em < kyyy,

(4.17) Shpa < 20k,

and if

(4.18) 2452/ M2 < €/4,

then there exists a constant n>0 (depending only on €) such that
4.19) Pr (4,,m) > npm

Jor all v sufficiently large.
Proof. Since the sequence s¢ is not decreasing and m > %, we obtain, using
(4.16), (4.8), (4.17), and (4.18),

2 12

Sky_ym = Sm — sk,_, = s,:{l sk,_,/sk,} = sm{l -2+ b)z/(4M2¢k:2_|)}
Zsnfl— 2+8)7Mem} 2z sufl — /(6w },

whence

(4.20) sm(l = ¢/(46m)) = Sty im S Sm.

Accordingly, putting

(4.21) A7m = Efsiyn(@m + 3¢/(26m) S Shyiim S Shycg,m(bm + 2¢/60)}

it is readily seen that

(4.22) Ay C Ay

To evaluate Pr (4),) we can apply Theorems 1 and 2 of L.T. Indeed, S},_,,m
is a sum of independent random variables X3; moreover, it is easily seen

(using (4.20), (4.15), (2.2) and (2 6)) that

Lub. | Xi| < x,,,.s,,.(17/16)>\,.,,sk,_, < (1/100)s¢, _y,m,
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so that Theorem 2 is applicable. It follows immediately that

Pr (4,m) 2 Pr (40m) 2 1pm.

4.3. Now put
by4y—1
(4.23) 4, = Z Av.m
ma=k,
and
Eyir—1
(4.24) Po= 3 fpm
mu=ky

We shall show: If (4.17) and (4.19) hold, then there exists a constant 51>0 such
that

(4.25) Pr (Av) > ﬂan

for all v sufficiently large.
Proof. Let N be a fixed integer and consider the sets

) ky+1—1
(4.26) Av.m = Ar.m - Ar.m z A’-"
p=m+N
Obviously
kp+1—1
(4.27) A= 3 A
m-k,

On the other hand, it follows from (4.26) that the intersection of two sets
Aﬁ{fn), and A®), will be empty unless |m,—ms| <N. Any point of 4, is there-
fore contained in at most N distinct sets A% figuring in (4.27) so that

1 k11 o)
(4.28) Pr (4,) gF > Pr(4,.m).
m=k,

Again it follows from the definition (4.14) of A4, that for any point of
A,mA,, (P >m)

(4.29) .o > so(dp + €/0) — Sm(dm + 26/Sw) > (5o — Sm)by — Sm(26/bm).

In other words

(4.30) ¥ Ar,mAv,p C Bm.p;
where

(4.31) Bny = E{Sn, > (s = sw)o, — sn(2e/dm)}.-
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However, the sets 4,,» and B,,, are independent (see the footnote 5 on p. 375),
so that

(4.32) P(4y,mBm.,) = P(As,m)P(Bm,p)-
Comparing (4.26), (4.28), (4.30), (4.32), and (4.19) we see that

1 ki1 ky+1—1
Pl’\(A,) g F 2 Pr{Ar,m - Z Av.mBm,p}

m=k, p=m+N
1 Fkrt1—1 ky+1—1
(4.33) =— > Pr (A.,,.,){l— > Pr (Bm,,)}
N mk, p=m+N

2 2% pud1 =S e an).

N m=k, p=m+N

We turn to the evaluation of Pr(Ba,,). For that purpose we write the inequal-
ity in (4.31) in the form

(4.34) St > Soby
where
* Sp— Sm , Sm 2e
(4.35) ¢p = 7 d)’ — —'-—-.__'— .
sm P m,p ¢m

To evaluate the probability of (4.34) we may again apply Theorem 1 of L.T.,
provided that all the X, with n <#n, have an upper bound not exceeding, say,
(1/200¢*)s, ,. Now for n<n,

’
’r 1 Se

Xo| <NpSp S —— —— S,
I ‘ p9p 200¢; S:,.,,, P

and by (4.35)

* t, ’ '
b S $p(Sp — Sm) Sp <1
) 9 = ' .
¢p Sm.p Sme Sm S

Theorem 1 of L.T. is therefore applicable and

Pr (Bm,) = Pr {Sh, > sn.bs}

(4.36) 1 2
< m_exp {— (1/2¢) [1 + O -nn(e9)]}
3 .
provided, say, ¢*>2. Using the estimates (2.4) for the coefficients of Q* it is
readily seen that

(4.37) Pr (Bnm,) < 1262047,
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Now by (4.35)

’ ’

* Sp — Sm , Sm 2¢
¢, = (s” _ 512)1/2 b — (3;2 _ 8’2)1’2 7
12,1/2 '
- Sm Sm 2
(4.38) = (—’—————— ¢,, L B
s, + s, (sp2 — s)v2 ¢!
1 saNy? 1 2
g? 1—72 ¢ — ’2 '2_1112_-'—'
5 (5°/s; — DV ¢,

However, by means of (2.20), (3.4), (4.16) and (4.17) we deduce that for

P<k'+1
’
S\ a a(p — m)
o (D)= (ram) 2T
This inequality will be applied in three ways.
(i) Since p=m+ N it follows that

s, /s z1+aN/(46,D);

using (4.17) it is therefore seen that the last term of the right-hand member
in (4.38) is small if N is large. Hence (4.38) implies, for N sufficiently large,

12,1/2 ¢

(4.40) 2 (1/2)(1 — su/s) "6y — a'/10.
(ii) Consider now p with
(4.41) alp — m) < .
Combining (4.39)—(4.41) we obtain
* 1 1 }1/2 , al/2 al/2
4.42 >—{1- A RSy
@4 42 2{ Tte-mi@enS * 00T

Comparing (4.37) with (4.42) it is readily seen that, for N sufficiently large,

min (ky+1—l.;n+ [a—l¢,’,f]] © 1
(4.43) 3 b B S 3 e < L
p=m—+N p=m-+N 3

(iii) Finally, consider p with
(4.49) alp — m) = ¢
For these we obtain from (4.39) s/2/s)2=5/4 and from (4.40)
(4.45) 5 = (1/10)(¢, — a¥/2);
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since k,<p<k,;1 and since ¢,/ — «, it follows from (4.45) and (4.17) that
for » sufficiently large

(4.46) & Z (1/30)¢,u
Combining (4.37) and (4.46) shows that
ky+21—l kyfl
Pr (.Bm, ) < ne G_(l/%oo)é’k
(4.47) p=m+[¢:/a) i p=m+[4,2/a] ™

< malluss — R)e-OIIOE,
However, (4.9) implies that the last expression tends to zero as y— . Ac-
cordingly, for » sufficiently large,

ky+1—1

1
(4.48) . > Pr(Bam,) <—.
p=m+(g3/a] 3

Substituting for Pr (Ba,) from (4.43) and (4.48) in (4.33) we obtain

Pr y) 22— m=‘_‘Pn
)z 3y &=y

which proves the assertion (4.25).
4.4. We propose now to show that almost all points belong to infinitely
many 4, or, in other words, that

(4.49) Pr( > A,) =1,

for any 7. For that purpose we note that the set 4, depends only on the vari-
ables X, with n;,_ =n <n,,, (cf. (4.14) and (4.23)). Accordingly, the sets 4.,
are mutually independent, and

(4.50) ‘Pr( EA,) = Pr ( > Az,) =1-JI 1 = Pr4,)),
and a similar relationship holds for odd subscripts. Now it would be trivial to
deduce (4.49) from (4.50), if we could use (4.25). However, the last inequality
has been proved only under the assumption that (4.17) holds. We shall show
that the »'s for which (4.17) does not hold are of no influence.

Let(1%) {v(r)}, r=1, .- - -, denote those integers for which
(4.51) ¢l’c,,+l g 2‘#”6,(')—1’
We shall prove that
(4.52) Z Pv(r) E C’.

() For simplicity in print the notation »(r) has been introduced instead of the usual »,.
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In fact, it follows readily from (2.6), (2.4) and (4.3) that pi < (1/¢{ e 259,
and therefore
4y —ok
(4.53) pr = (1/ds e
for k sufficiently large. We find by means of (4.8) and (2.20)

12

ky+1—1 ky+1—1
L S § (1+i>zi -

O T4 GT) A T AT
Thus by (4.53) and (2.2)
ky+1—1 e——¢;,, k-1 ,
P,= Y pu S . —m =S —e %
m=k, ¢k2 m=k, ¢,:
or v
M? ,
(4.54) 2 Py S — 20 €

but (4.51) implies that the sequence {¢;,(,)} increases so rapidly that the
series (4.54) converges. Accordingly the series Y ,«,(, P, diverges, and without
loss of generality we may suppose that Zg,,s,(r)Pz, diverges. It follows from
the definition (4.51) that for »s£»(r), (4.17) holds. Accordingly, for these » the
inequality (4.25) holds, and therefore

Pr( > Az,)=1— I (- Pr4w)

27,2096 (1) v27, 2050 (1)

(4.55)
21— JI -mpP)=1

vV, 2v5p (1)

4.5. The proof of Lemma 1 is now easily accomplished. We know that
almost all points belong to infinitely many sets 4s, with 2v»£»(r), that is to
say, such that

(4.56) Phaysr < 20ksy .
Denote then by C,, the set
(4.57) Co = E{ = (1/8)$ksy1 < Skyey < (1/8)8kpy},

where 6>0 is arbitrary. At any point of the intersection 43,,»C> we have
simultaneously the inequality figuring in (4.57) and

(4.58) Sm(dm + €/0m) < Skyyerim < Smldm + 2¢/dm)-
Adding these inequalities we find that in A,, .Co,

(4.59) Smom + Sme/dm — (1/8)sk1,, < S < Smbm + 26 Sm/bm + (1/8)5ky, 110
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However, for kz.§m<kg,+1 we have, using (4.8) and (4.56),
S’,‘zv-l < Sl,cz,_, < 245 1 < 245 1

’

S = s;m = oM 4’22.-1: M E

.
’

thus, if the constant M is chosen so that
(4.60) 2+ b)/M < &
we obtain from (4.59) that at any point of 42, nCs»

(4.61) Smbm < Sr < Sm(dm + 3¢/bm).

Denote the set of points for which (4.61) holds by A,. Then AnDA42, mCss,
and therefore (always for 2v#=v(r))

) kay+1—1
Pr( > Am) 2 Pr (4:C)

m=kgy

or

(4.62) Pr( > A,,,) = Pr( yg;Z AwCzy).

m2ky 2 205 (1)

Again, it follows from the definition (4.57) that (Tschebycheff’s inequality)

’ ’
Pr (Ca) = f AP, =1-— . dFy,,
12I< (1/8)ak,, lzlz /e,

=1- (62/5;:-—0 . x2dFI:2v—l 21— 52'
| 212 (1/8)8k

(4.63)

2w—-1 -
On the other hand, the sets 4, and C,, are independent if p = v (cf. footnote
5 on p. 375). We have therefore

Pr ( > A-z.Cey)

vV, 2050 (1)

E Pr {Az.,Czy — A5Cs, Z Ag,,Cz,,}

vV, 2% (r) P>V, 205y (1)

> Pr {cz,(Az,—A,. > Az,,)}

V27, 2v5%v (1) p>v, 205 (1)

> Pr(Cy) Pr(Az,—Agy > A2,>

v

2P, 20pv (r) P>V, 2p5v (1)

=1 -8 Pr( > Azy)= (1-28)

v, 2090 (r)

(by (4.55)). This proves that all points, with the possible exception of a set
of measure 82, belong to infinitely many sets A,; at such points the inequality
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(4.61) is satisfied for infinitely many values m. Since & is arbitrary, and the
definition of A. is independent of §, it follows that at almost all points the
inequality (4.61) will be satisfied for infinitely many . This proves Lemma 1.

S. Lemma 2. Suppose that condition (2.6) is satisfied and that

(5.1) 2 Pr {Si > sior} € C.
Then .
(5.2) {¢.} € C.
As before (cf. §4) we see that condition (5.1) is equivalent to
(5.3) 2EC

where p; is defined by (4.3). We shall require three sets:

(5.4) An = E{Sa > subu},

(5.5) B, = g{Sn,nk > — 250ni s N1 < n = Ny,
(5:6)  Ci= B{Sa, > su$i1 — 2+ 20)/610)}

(for the definition of S, and s, cf. (4.10) and (4.13)). It is sufficient to
prove that

5.7 P(névA,,>§e

for N sufficiently large.
Again we deduce from (2.20) for #y.. <z <n;

(5.8) Su = Smey Z su/ (L4 b/6m ) = smi(1 = b/ ):

on the other hand by definition and by (5.8)

2 2 2 2 2
Snnp = Snp — Sn S (b/¢ﬂk—l)sﬂk'

Adding the inequalities in (5.4) and (5.5) and using again (5.8) we see there-
fore that at all points of the intersection 4,B, i

Suy = Sn o Smy > Su(0n — bbn/bngy = 28" /)
= Sm}(d’nk-x + [¢n - ¢”k-l][1 - b/¢"k-l] - [b + 2bl/2]/¢”k—l)
> snk(d)nk-l - (2 + 2b)/¢ﬂk-l)v

(5.9

provided ¢}, ,>b. Comparing (5.6) with (5.9) it is seen that
(5.10) Cr D AwBn ik, ni—1 < 1 = N
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Furthermore, using Tschebycheff’s inequality (cf. (4.63)), we obtain
(5.11) Pr (B,x) = 3/4.

Now it should be noticed that the sets B, and 4, are independent if m <n.
Therefore

Pr(Cix) = Pr( ”Zk Aan,k)

n=ng-1+1

nk n
= Z Pr {Aan,k - Aan,k Z AmBm,k}

n=n;_1+1 m=nj-3+1
nk n
g Z PI‘ {Aan.k - Aan.k E Am}
n=nj_1+1 m=ng_-1+1
nk . n
= > Pr(B.i) Pr (A,, — 4. 2 A,,.)
n=njp_1+1 m=nr_1+1
3 o
> — Pr( > A,.).
4 n=nj—1+1
or
kﬁj
nk 4
(5.12) Pr( > A,.) < — Pr (Cy).
n=nj—1+1 3

However, Theorem 2 of L.T. asserts that Pr(Ci) <n2pi—1, where 7z is a constant
independent of k. Accordingly

0 © nk 4 0
Pr( > A,,>§ > Pr( > A,.)g—m > e
n=ny k=N—1 nmnp_1+1 3 k=N
which proves (5.7).

6. Lemma 3. Suppose that condition (2.6) is satisfied, and that the series
(2.7) diverges (converges). Then

(6.1) >

k ¢nk

(1D ¢n, (14Q,, ($a)))

diverges (converges) for any sequence {nk} satisfying (2.20).

REMARK. It was pointed out earlier (cf. the introductory remarks to
§§4 and 5) that (6.1) converges or diverges simultaneously with

(6.2) 20 Pr {Su, > snén, )
k
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Thus Lemmas 1 and 2 together are equivalent to Theorem 9 with the sharper
form for upper functions provided by Theorem 8. The three lemmas together
prove Theorem 1 and Theorem 8. From the previous lemmas it follows that
the behavior of (6.1) is necessarily the same for all sequences {nk} satisfying
(2.20). However, it should be noted that the following proof is absolutely
independent of the previously established results.

Proof. As before, let {nk} stand for an arbitrary but fixed sequence satis-
fying (2.20). Since 02 <\2s2=o0(s2), we shall have, for sufficiently large(%) =

(6.3) Za:/s,z. = log s:/s:_l = —log (1 — a:/si) = ai/s:,
and hence
L g 2 2 2 2
6.4) > 0n/Sn 108 Spyir/5ny < log (14 b/¢0) < b/
n=ni+1

and similarly

nk+1

(6.5) S on/se 2 (1/2) log (1 + a/dny) = o/ (4dny).

n=ni+1

Suppose that the series (2.7) diverges, and define the sequence {m} by
¢bm; €XP { - (1/2)¢’mk[1 + ka(d’mk) ] }

- (6.6)
= max ¢, exp {— (1/2)¢a[1 + Qalon)]}.
np<nSNEy1
Then
6.7 ny < mip = N4
and by (6.4)
a: jlan vi
D e WD+ < D by U2 i (140 ($ma)) Z —
(6 8) n : k n=ng+1 S:

<by ¢;"" € (1/2) 6t (1+Qmy (Sma),
k Ny

Unfortunately, the ratio ¢m,/¢., is not necessarily bounded. Still, we shall
show that those %, for which ¢.,/¢n, is not near unity, can be discarded. For
that purpose, we make the following simple remark, which will be useful in
the sequel: If for a sequence(®) k(1) <k(2) <k(3)< - - -

(6°9) ¢7‘k(r) +1 > ¢"k(r) + 2/¢"k(r)

then

(%) The argument leading from (6.3) to (6.4) and (6.5) is due to Cesiro; cf. Knopp, loc.
cit. p. 292,
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(6.10) D e,

r

converges. In fact, the terms of (6.10) decrease geometrically since (1 /4)¢ik(,+l)
Z (1/4)¢3,,, +1. Now it follows from (2.6) and (6.7) that, at least for k suffi-
ciently large,

(6.11) Gy VD s (140 (Sm)) > = (U bm > o= (1 ¢m
so that by (6.10)
(6.12) D Brmpry € D iy (i (bmyy)) < C 7% o0,

r

Again, if k=Ek(1), £(2), - - - we have

(6.13) Gmp < Gnpry < 20my

Using (6.12) and (6.13) we have

> fﬁ’fe—u/zwfn.(wom(m)) = > +> =4 Le—a/zu:..um,.,(%,»_l_c;
v OF, kekk(r) k) bk (r) Pmy

therefore it follows from (6.8) that

1
(6.14) 3 e D Qi ($ma))
kwk(r) Pmy

diverges.

It will be noticed that the sequence { mk} does not necessarily satisfy the
condition (2.20). We shall show that the divergence of (6.14) implies that of
(6.1). It suffices obviously to show that if k=k(1), k(2), - - -

€= (12 $n, (1+Qm ()|

(6.15) L e~ Dem 1+Qm(om)) < C

my nE
where C is a constant. Now ¢,,.,‘g¢;,,. As for the exponential terms we have
| Sl + Om(dm)) — Sus(L + Qus@a)) | S G — S0 (1 + | Quald) )

+ e | Ome(Bnd) = Ona(@n) | + Sme| Omi(Bm) — Oma(n) |-

Now | Q.(¢.)| <1/10 by (2.6) and (2.4). Moreover, since k=k(1), k(2), - - -,
we have (cf. (6.9)) |

(6.16)

(6. 17) ¢'fn,, - ¢:k = ¢:k+l - d’:k § 4 + 4/¢:k <S.

Thus the first term in (6.16) is less than 6.
Next, using Theorem 1, formula (2.8), of L.T. and (2.20) we find

e | Qs (Bm — Qs (Do) | S 20ms(5my — 5u)/Smp S 26my(Smias — Sn)/mp S 20,
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so that also the second term in (6.16) is bounded. To appraise the last term we
note that the derivative of Q.(x) is of the order of magnitude of A.. Thus,
using the mean-value theorem we obtain by means of (2.6), (2.4), and (6.17)

e | Omi(Bme) = Omi(bng) | < 20mihmy(Smp — bap) < 1,

which proves (6.15) and, accordingly, the divergence of (6.1).

The same argument applies in the case of convergence.

7. Proof of Theorem 6. By virtue of Theorem 2 it suffices to prove: If
& (¢) is a non-decreasing function, ¢(£) >2, then the integral (2.15) converges if,
and only if,

2, —(1/2)¢%(s?)

2
On

(7.1) 20— d(sn)e
sﬂ

converges. Since (1/t)¢(t)e~ V4t is nonincreasing we have

© © o:
fz i(t_). WS OdL = 3 .@ e~ (1?4
H ¢ nekt1V sy ¢

0 2 2 3
Z Sn = Sn—1 2, —(1/2)¢%(sn)

d(sn)e ,

v

n=k+1 Sp

so that the convergence of (2.15) implies the convergence of (7.1). Similarly,
if (2.15) diverges so does

2
(4

n —_— ’- 2_
(7.2) z - $(snr)e VTG

n—1

We have to show that the divergence of (7.2) implies that of (7.1). First let
us observe that

Sn = Sa1 + 0n < sucr + (1/10)sn,
_or
(7.3) a1 > (1/2)sm.

Furthermore, let v denote those integers for which

(7.4) $(51) > d(ss) + 1/8(snps).

Since vi-1=v:—1 this implies that ¢2(s) >¢%(so) +2k, which, together with
(7.3), shows that ‘

2

Oy 2 —(1/2)¢% (s}, 1)
E 2 ¢(svk—l)e T E e-

k Syl
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Thus, by assumption, the partial sum in (7.2) extended over n#v,, v, - - -,
diverges; however, for these #

(0n/Sne1)(5n)

which completes the proof.
8. Proof of Theorem 11. Writing, for abbreviation,

—(1/2) ¢2(sh)

—(1/2)¢2(s’_) $, 2,2 2
e "< 2e (0n/5n)P(sn)e ,

(8.1) 7. = 2(log log sa)'/

we have from (2.4) that

(1n/2) {1 + Q) } = (3/8)nn

so that
2

(2
(8.2) > -s—:nng—(llz)'lgs(l‘FQn(ﬂn)) <2Y

n

0',2. (log log s,,)ll2

52 logd? s,

As > o2 diverges, it is seen that the right-hand member of (8.2) is conver-
gent(!”). Now, by (2.25), the sequence {17,.} satisfies the condition of Theo-
rem 1. Hence {7} €.

The convergence of (8.2) implies that the two series

2

(8.3) > s— $nexp {— (1/2)6n]1 + Qu(én)]}
and
(8.4) > ? Yaexp {— (1/2¥2[1 + 0u¥a)]}

either both converge or both diverge: as a matter of fact, those terms in
(8.3) which are different from the corresponding terms in (8.4) form a sub-
series of the left-hand member in (8.2).

On the other hand, if {ll/,.} €, then also {q&n} €, since Y» S¢,. Again,
Pn=<n, and {7.} EV; accordingly, if the inequality S.>s.¥, is satisfied for
infinitely many #, this will be the case for such # for which ¥, =¢,. Hence, if
{¥n} EC also {¢.} EL

APPENDIX

The purpose of this appendix is-to ‘show how the previous results can be
extended, in many cases, to sequences of unbounded variables X,. The main
application is, of course, to the case where all X, have the same distribution

(17) Cf. Knopp, loc. cit.
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function (cf. the corollary at the end). As a typical example we consider only
Theorem 2. The method applies also to the remaining theorems.

From now on the variables {X.,} are no longer necessarily bounded; how-
ever, we still assume that the second moments (1.3) are finite and that (1.4)
holds.

THEOREM. Suppose that for some constant M >0
1

) 3 = (log log 51)*
S

Then {¢a} EV(L) if, and only if,

2

2 > a_:qgne—(umi € CD).
Sn

f 22dVi(x) € C.
| 21>M -2/ (log log s1)%2

(Needless to say the criterion of Theorem 6 also holds.)

Proof. It follows from the last two paragraphs of §8 that it is sufficient
to prove the theorem for sequences {¢.} such that

3) ¢a < 2(log log sa)/2,
Put

A = f de,;(x)
12| SM -8,/ (log log a,)3/2

4 Xn = {X” —a. if | Xa| £ M sa/(log log s.)?72,
On if | Xa| > M s./(log log s.)%"2,
X** = {0 if l X”l =M Sn/(log log s")3/2’
' Xa if | Xa| > M s./(log log s,)%2.
Obviously
© X = X + X2 + an.
Now
Tr@ ~<0=-% V()
" n VY |z|>M s,/ (log log s,)%/2

1 (log log s,)3
3> ==

= 2
M2 S: | 2|>M -8,/ (log log s,)%2

224V . (x) <Boo,

so that at almost all points

Z X**

(6
Next, by (4),

= 0(1) = o(sn/d’n).
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(7) | 0| = Ms./(log log s.)32,
and therefore by definition
(8) | Xx| < 2Ms,/(log log s.)¥2.

The variance of X * is given by

*2
Oy =

(2 — a2)'dVi(%) + ar f aVi(x)

‘[I z|SM a1/ (log log 81)%/2 | zI>M -8/ (log log 23)¥/2

9 = 2 dVi(2) — ax

‘fl z|SM 81/ (log log 83)¥/2

= g — x2dV;,(x) - q:.

j~l z|>M 81/ (log log ;)32
Now it follows from (1.4) and (1) that

(ldg log s,)%2 2 n  (log log si)3/?
TEE Slal sy —EEE | 2| avs(a)
n ksl k1 Sk | z|>M -8/ (log log 83)3/2
1 = (log log si)3
< L3 oglogs)® f 24V (%)
M = S: | z|>M -8/ (log log 83)3/2
= 0(1).
Accordingly
n Sn
10 a| = 0\————
(10) El kl ((loglogsn)"z)
and, by (7),
2
hid 2 Sn
11 ay| = O —m).
(11) E‘ kl ((log log s,,)')
Similarly
f 224V ()
k=1 | 2|>M 83/ (log log 81)¥/? )
.. 2 3
Sn » (loglogs
< (log log sx) 22dV ()
(log log s4)® k=1 S: 12|>M a3/ (log log 83)%/3

2

Sn
=0 ((log log s,,)*)'

Combining this with (3), (9), and (11) we have
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2 2
*2 2 2 2 Sn 2 Sn
W wefaedro(ct ) =iro(d)
(12) k=1 7 + ((log log Sn)3> st 3
This implies that the two sequences {$,} and {(s./s.*)¢.} belong to the same
class with respect to {X*}. Now, if {¢.} €L, at almost all points the in-
equality

(13) Sn =2 Xk > su{(sa/50)bn + C(su/508m) }

k=1
will be satisfied for any C>0 for infinitely many # so that {¢,} €L also
with respect to {X.}. A similar remark applies if {¢.}EU. In view of (5),
(9) the last inequality implies that also S,>s.¢, for infinitely many #. This
finishes the proof.

COROLLARY. The criteria of Theorems 2 and 6 are valid if there exist two
constants >0 and A such that

+oo
(14) f o |log | x| |""'avi(z) < Ao

—00

In particular, this is the case if Vi(x)=V(x) and

+
(15) [ #liog | 5] [mav(a) < =

—00

In fact, if (14) holds, the series (1) is (at least for sufficiently large k)
majorated by
ok
% S: logl+6l2 Sk ’
which series obviously converges.
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